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Types of Surveys

Surveying has to do with the determination of the relative spatial location of
points on or near the surface of the earth. It is the art of measuring horizontal
and vertical distances between objects, of measuring angles between lines, of
determining the direction of lines, and of establishing points by predetermined
angular and linear measurements. Along with the actual survey measurements
are the mathematical calculations. Distances, angles, directions, locations,
elevations, areas, and volumes are thus determined from the data of the survey.
Survey data is portrayed graphically by the construction of maps, profiles, cross
sections, and diagrams.

Types of Surveys:

Geodetic Surveying: The type of surveying that takes into account the
true shape of the earth. These surveys are of
high precision and extend over large areas.

Plane Surveying: The type of surveying in which the mean surface
of the earth is considered as a plane, or in which
its spheroidal shape is neglected, with regard to
horizontal distances and directions.

Operations in Surveying:

Control Survey: Made to establish the horizontal and vertical
positions of arbitrary points.

Boundary Survey: Made to determine the length and direction of
land lines and to establish the position of these
lines on the ground.

Topographic Survey:  Made to gather data to produce a topographic
map showing the configuration of the terrain
and the location of natural and man-made
objects.

Hydrographic Survey: The survey of bodies of water made for the
purpose of navigation, water supply, or sub-
agueous construction.

Mining Survey: Made to control, locate and map underground
and surface works related to mining operations.

Construction Survey:  Made to lay out, locate and monitor public and
private engineering works.

Geometronics =« February 2000

1-1



1-2

Basic Surveying - Theory and Practice

Route Survey:

Photogrammetric Survey:

Refers to those control, topographic, and
construction surveys necessary for the location
and construction of highways, railroads, canals,
transmission lines, and pipelines.

Made to utilize the principles of aerial photo-
grammetry, in which measurements made on
photographs are used to determine the positions
of photographed objects.
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Review of Basic Trigonometry

Pythagorean Theorem

Attributed to and named for the Greek philosopher and mathematician
Pythagoras, the Pythagorean Theorem states:

In a right triangle, the square of the hypotenuse is equal to the sum of the
squares of the other two sides.

(For the derivation of the Pythagorean Theorem, see the appendix.)

H
ypotenuse c
A

Figure 1
C2= A%+ B2

where: C is the hypotenuse (side opposite the right angle). A and B are
the remaining sides.

Solving for C:

C?=A2+B?

C=+A?+B? (take the square root of each side)
Solving for A:

C?=A?+PB?

C2-B?2 = A? (subtract B2 from each side)

A2 =C?-B? (reverse the equation)

A=,/C2-B? (take the square root of each side)
Solving for B:

B=+C?- A2 (identical to solving for A)
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Using one of the forms of the Pythagorean Theorem on the previous
page, solve for the unknown side in each triangle.

Side A Side B Side C

1 3 4

2 12 13
3 8 17
4 45 53
5 40 96

6 36 111
7 5.6 6.5
8 35 8.4

9 2.1 2.9

The first two are solved for you.

First Triangle

A=3,B=4C=?

Since C is the unknown,

we solve for C.
C?=A?+ B
c = V@ 4y
C=v/9+16
C=v25

C=5

Second Triangle

A=7,B=12,C=13

Since A is the unknown,

we solve for A.
A=,C?-B2
A=4(13)- (127
A=1169- 144

A =425

A=5
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Chapter 2: Review of Basic Trigonometry

Units of Angular Measurement

The most common angular units being employed in the United States is
the Sexagesimal System.

This system uses angular notation in increments of 60 by dividing the
circle into 360 degrees; degrees into 60 minutes; and minutes into 60
seconds. Each unit has a corresponding symbol: degrees are indicated by °;
minutes by “; and seconds by ~.

Figure 2
Therefore;

1 circle = 360° = 21,600" = 1,296,000”
1° =60 = 3600"
1" =60"

Usually angles are expressed in Degrees, Minutes, and Seconds as
applicable, but can be expressed in any combination. For example,
35.37°2122.2° 1273327, 34° 81" 72”7, and 35° 22" 12" all represent the
same magnitude of angle. However, in the last form, which is the
preferred notation, notice that minutes and seconds equal to or greater
than 60 are carried over to the next larger unit and that degrees and
minutes do not have decimals. Decimal seconds are acceptable.

Geometronics =« February 2000
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For performing certain mathematical operations with angles, it is some-
times easier to convert to decimal degrees first, perform the necessary
math, then convert back to degrees, minutes, and seconds.

Degrees - Minutes -Seconds Decimal Degrees
10 23° 12'18"
11 42.885°
12 63.545°
13 87° 58'48"

23° + (12" + 60) + (18" + 3600) = 23.205°
42° +(0.885 x 60°) = 42° 53" + (0.1° x 60") = 42° 53" 06"

The primary unit of angular measurement in the metric system is the
radian. A radian is defined as the angle between radius lines from either
end of an arc of radius length.

N

Figure 3

The circumference of a circle is twice the radius length times mt, or C =
2mnr. Therefore, 1 circle = 2rt radians.

Since 1 circle = 360° = 2mrad.,
then 1 rad. = 360°/2n = 57.29578...°

The use of radians and the value of 57.29578° will be mentioned again
when dealing with circular and spiral curves.

Another unit is the grad or gon. A grad is defined as 1/400 of a circle.
The grad is widely used in much of the world as part of the metric
system, even though the radian is the primary unit.
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Chapter 2: Review of Basic Trigonometry

Ratios and Proportions

A ratio is a comparison of two values or quantities, and can be expressed
in numerous ways. The ratio of 2to 5, 2:5, 2 + 5, or 2/5, are all expres-
sions of the same ratio.

As a fraction, a ratio can be treated like any other fraction. The ratio is
the quotient of the first value divided by the second value, and as such,
can also be expressed as a decimal. In our example above, the ratio of 2
to 5is 0.4000.

A proportion is a statement of equality between two ratios. Since the
ratio of 2 to 5 is the same as the ratio of 4 to 10, we can say that the two
ratios are a proportion. The same proportion can be expressed as 2:5 =
4:10,2+5=4+10, or 2/5=4/10. Notice that 2/5 = 0.4000 = 4/10.

Find the value of x.

w 3 = X X =
5 5 = % X =
16) % = % X =
17) % = X X=
18) 4875 = 1y X =

Geometronics = February 2000
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Definition of Trigonometric Functions

All trigonometric functions are simply ratios of one side of a right triangle
to a second side of the same triangle, or one side over another side. The
distinction between functions is which two sides are compared in the ratio.

The figure below illustrates the side opposite from and the side adjacent
to Angle A, and the hypotenuse (the side opposite the right angle).
The trigonometric functions of any angle are by definition:

Opposite Side (a)

Angle A

Adjacent Side (b)

Figure 4
sine = Opposite Side /7 Hypotenuse
cosine = Adjacent Side / Hypotenuse
tangent = Opposite Side / Adjacent Side

and inverting each ratio, we have

cosecant = Hypotenuse / Opposite Side = 1/sine
secant = Hypotenuse / Adjacent Side = 1/cosine
cotangent = Adjacent Side / Opposite Side = 1/tangent

Practice Problems:

19) Given aright triangle as shown above, and given side a = 3, side
b =4, and side ¢ = 5, list the 6 trigonometric functions of angle A
as a fraction and as a decimal.

20) Given side a =42, side b =56, and side ¢ = 70, list the functions of
angle A.

21) Givenside a =5, side b = 12, list the functions of angle A.

22) Given sin A =0.2800, list cos A and tan A.
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Chapter 2: Review of Basic Trigonometry

Trigonometric Functions of 45°

In the examples on the previous page, we developed trig functions for
various angles A without determining the value of angle A. In order for
trig functions to be of significant value, there must be a known correla-
tion between the magnitude of the angle and the magnitude of the
trigonometric functions.

45°

Figure 5

We can develop the functions for a 45° angle as follows:
Assume a 45° right triangle as shown. If we assign a value of 1 to side a,
then we know that side b = 1 also.

Using the Pythagorean Theorem, side c = /2 .
The sin, cos, and tan of 45° are:

. 1
sin 45° = ﬁ =0.7071

cos 45°=\/i— =0.7071

tan 45°:% =1.0000

Geometronics = February 2000
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Trig Functions -vs- Size of the Triangle

On the previous page, we developed values for the trig functions of a 45°
angle given assumed lengths of the sides of the triangle. But if the
lengths of the sides were altered and the 45° angle held, would the trig
functions remain unchanged? Let’s find out.

Assuming a hypotenuse of ¢ = 1, we can solve for the other two sides,
again using the Pythagorean Theorem.

C:‘/a2+ bZ
a=b
C:‘/a2+ aZ
c? = 2a?

CZ
=75

CZ
a= 7

—\% =
a=y3 =07071

b=a=0.7071

Therefore our three primary trig functions are:

sin 45° = 0.7071/1 = 0.7071
cos 45° = 0.7071/1 = 0.7071
tan 45° = 0.7071/0.7071 = 1.0000

We can see that the trig functions, (the ratios between the sides) are not
dependent on the size of the triangle. Try developing the functions for
the 45° angles in the following triangles.

23) hypotenuse (c) 187,256

24)  side opposite (a) 0.0027
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Trig Functions -vs- the Magnitude of the Angle

Now that we know that the size of a triangle does not affect the trig
functions of its angles, let’s find out what happens if we alter the shape
of the triangle by increasing or decreasing the magnitude of the acute
angles. The right angle cannot be modified since trig functions are the
ratios of one side to another side of a right triangle.

0.6000

Figure 6

Let’s start with our 45° triangle from the previous page, having a hypot-
enuse of 1.0000 and the other two sides of v172 , or 0.7071 each. If we
maintain the length of the hypotenuse while decreasing the angle A, the
figure at the right shows that the side opposite also decreases, while the
side adjacent to angle A increases.

Let’s decrease angle A until side a is shortened from 0.7071 to 0.6000. At
this point, we don’t know the size of angle A, except that it is less than
45°. But knowing the lengths of sides a and ¢, we can determine side b
to be 0.8000 and the trig functions of angle A to be:

sinA = 0.6000/1.0000 = 0.6000#sin45° = 0.7071
cosA = 0.8000/1.0000 = 0.8000#cos45° = 0.7071
tanA = 0.6000/0.8000 = 0.7500#tan45° = 1.0000

From this we know that changing the magnitude of the angle changes all
of the trig functions associated with that angle.

Geometronics =« February 2000
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Trigonometric Functions of 30" and 60°

We can develop trig functions for a 60° right triangle similar to the
method used on the 45° triangle.

\60“

1/2 1/2

Figure 7

We can construct a 60° angle by creating an equilateral triangle having
three 60° angles. If we assign a value of 1 to each side, bisect the triangle
through the base and the vertex, we have a right, 60° triangle with a
hypotenuse of 1 and the side adjacent to the 60° angle of 1/2. The side
opposite then is /374 or 0.8660 and the trig functions are:

sin60" = \E /1=v374 =0.8660
cos 60° = % /1=1/2=0.5000
tan 60° = \/g/% =2\3 = 17321

25) Having bisected the 60° angle at the vertex of our equilateral
triangle, we now have two 30° angles. Based on the above figure,
what are the trig functions of 30°?

sin 30° =

cos 30°

tan 30°

2-10  Oregon Department of Transportation = February 2000



Chapter 2: Review of Basic Trigonometry

Cofunctions

Of the six trigonometric functions that have been discussed, three have
the prefix “co” in their names. The “co” functions of sine, tangent, and
secant are cosine, cotangent, and cosecant respectively.

Any function of an acute angle is equal to the cofunction of its comple-
mentary angle. Complementary angles are two angles whose sum is 90°.

Since the two acute angles in any right triangle are complementary, the
functions of one angle are equal to the cofunctions of the other. We
found this in our work with 30° and 60° angles.

sine 30°
cosine 30°

0.5000
0.8660

cosine 60°
sine 60°

Side a

Side b
Figure 8
Sin A = Cos B = Sidea / Side c
Cos A = SinB = Side b / Side ¢
Tan A = CotB = Sidea / Side b
Cot A = Tan B = Side b / Side a
Sec A = CscB = Sidec / Side b
Csc A = Sec B = Side ¢ / Side a

Geometronics =« February 2000
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Trigonometric Functions for Angles Greater than 90’

So far we have only dealt with functions for angles between 0° and 90°.
Angles outside of this range cannot be included in a right triangle as
specified in the earlier definitions of the functions.

v)

) y (@)

X0 X)

Figure 9

However, if we place the right triangle on X,y axes as shown, we can
rewrite the trigonometric functions. The hypotenuse becomes r, or the
radial distance from the origin. The adjacent side becomes X, or the
distance along the x-axis. The opposite side becomes y, or the right angle
distance from the x-axis.

The trigonometric functions of © then are:

sin@ = opposite side / hypotenuse = a/c = y/r
cosO = adjacent side / hypotenuse b/c = x/r
tan® = opposite side / adjacent side a/b y/X

With these definitions, we can increase or decrease 0 by any amount we
choose and still have x and y, either or both of which may be positive,
negative, or zero. The radial distance, r, is always considered positive in
the © direction.

Since x and/or y may be negative, the trigopnometric functions may also
be negative based on the algebraic signs of x and y.
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Algebraic Signs of
the Trigonometric Functions in each Quadrant

Using the definitions on the previous page, we can determine the values
of the functions for each angle shown below. List the Sine, Cosine, and
Tangent of each angle in both fractional and decimal form. Three are

already done.

26) Sino = 3/5 = 0.6000 32) Sin180 + 0 =
27) Coso = 33) Cos 180+ 0 =
28) Tano = 34) Tan 180 + © = -3/-4 =0.7500
29) Sin180 -0 = 35) Sin360 - © =
30)Cos 180 -0 = -4/5= -0.800 36) Cos360 - 8 =
31) Tan 180 -0 = 37) Tan 360 - © =
(Y)
A 1
180° -6
> (%)
4
Figure 10

Notice that the angle 8 becomes a “reference angle” for each of the
other three, and that the magnitude of the functions are the same for
each angle with only the algebraic signs differing.

38) The signs of the functions in quadrant 1 are all positive. Show
the signs of the others in the chart below.

Quad 1 Quad 2 Quad 3 Quad 4
Sin +
Cos +
Tan +

Geometronics = February 2000
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Trigonometric Functions of Quadrantal Angles

The Quadrantal Angles (0°, 90°, 180°, 270°, and 360°) have unique
functions in that all cases, the opposite side (x) and the adjacent side (y)
always meet the following condition. One is equal to plus or minus the
hypotenuse ( r) and the other is equal to zero. This combination can only
yield three possible values for the trig functions: 0, +1, and an unidenti-
fied value (division by 0).

39) List the values of x and y as 0 or r and show the resulting
functions below.

X= Y= Sine Cosine | Tangent

0°
90°

180°
270°
360°

A closer look at the undefined values is in order. The tangent of 90° has
an x value of 0 causing a division by zero. If we consider the tangent of
an angle slightly less than 90°, we have a y value very near to r and a
very small x value, both positive. Dividing by a very small number
yields a large function. The closer the angle gets to 90°, the smaller the x
value becomes, the closer the y value becomes to r, and the larger the
tangent function becomes. When the angle reaches 90°, the tangent
approaches infinity, or tan 90°= «. But if an angle slightly larger than 90°
is evaluated in a similar way, division by a very small negative x occurs,
creating a tangent function approaching negative infinity, or tan 90°= -co,
In reality, the function is undefined and we express it as tan 90°= +co,

)
A

D e %

Figure 11
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Values of Trigonometric Functions

There are several possible ways to determine the values of the trigono-
metric functions of a given angle:

1) The infinite series for Sine and Cosine functions.
2) Interpolation of values from published Trigonometric Tables.
3) Select the appropriate button on a scientific calculator.

The first is long and involved and beyond the scope of this course. Both
(1) and (2) have become obsolete due to (3). We will assume that our
little electronic wonders will return the proper value when a function is
calculated. Notice that only three functions exist on most electronic
calculators, as the others can be expressed as reciprocals of those shown,
or otherwise easily reached.

While each angle has only one value for each of its trigonometric func-
tions, exercise problems 26-37 reveal that more than one angle can have
the same trigonometric values. Sin@ and Sin 180° - 8, Cos@ and Cos 360°
- 0, and Tan® and Tan 180° + 0 are just three examples. Your calculator
cannot determine which value is truly correct when taking an inverse or
arc function (determining an angle from a function) so it will return a
value between -90° and +180° depending on the function. It will be up to
the individual to evaluate whether that is the correct value for the
particular situation.

Practice Problems:

40) Determine the missing side of a 30° right triangle with a hypot-
enuse of 6.

41) Determine the angles in a 3,4,5 triangle.

42) Measured slope distance is 86.95 feet at +8.5°. What is the
horizontal distance and the elevation difference?

Geometronics = February 2000
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Distance Measuring (Chaining) 3

History of Chaining

The Egyptians were one of the first known people to use some form of
chaining in both land surveying and construction surveying. On a wall
in the tomb of Thebes and carved on a stone coffin are drawings of rope
stretchers measuring a field of grain. The Great Pyramid of Gizeh (2900
B.C.) was constructed with an error of 8 inches in it’s 750 foot base. This
is an error of 1 in 1000 on each side.

English mathematician Edmund Gunter (1581-1626) gave to the world
not only the words cosine and cotangent, and the discovery of magnetic
variation, but the measuring device called the Gunter’s chain shown
below. Edmund also gave us the acre which is 10 square chains.

Figure 12

The Gunter’s chain is 1/80th of a mile or 66 feet long. It is composed of
100 links, with a link being 0.66 feet or 7.92 inches long. Each link is a
steel rod bent into a tight loop on each end and connected to the next
link with a small steel ring.

Starting in the early 1900’s surveyors started using steel tapes to measure
distances. These devices are still called “chains” to this day. The terms
“chaining” and “chainman” are also legacies from the era of the Gunter’s
chain.

Geometronics = February 2000
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Procedures for Chaining

It must be remembered in surveying, that under most circumstances, all
distances are presumed to be horizontal distances and not surface
distances. This dictates that every field measurement taken be either
measured horizontally or, if not, reduced to a horizontal distance math-
ematically.

In many instances, it is easiest to simply measure the horizontal distance
by keeping both ends of the chain at the same elevation. This is not
difficult if there is less than five feet or so of elevation change between
points. A hand level or “pea gun” is very helpful for maintaining the
horizontal position of the chain when “level chaining.” A pointed
weight on the end of a string called a “plumb bob” is used to carry the
location of the point on the ground up to the elevated chain by simply
suspending the plumb bob from the chain such that the point of the
plumb bob hangs directly above the point on the ground.

When the difference in elevation along the measurement becomes too
great for level chaining, other methods are called for. One option, “break
chaining”, involves simply breaking the measurement into two or more
measurements that can be chained level. This works well for measure-
ments along a gentle slope where a reasonable distance can be measured
between break chaining points.
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Chapter 3: Distance Measuring (Chaining)

In some cases, it becomes impractical to break chain. When the slope
becomes so steep that frequent chaining points are required, a vertical
surface must be measured across, or intermediate chaining points are
not readily accessible, it may be more desirable to determine the horizon-
tal distance indirectly. The most frequently used method is “slope
chaining”, where the distance along the slope is measured, the slope rate
is determined, and the horizontal distance calculated.

Slope rate angles are measured as Vertical Angles (+/- from horizontal),
or as Zenith Angles (Measured downward from a imaginary point on the
celestial sphere directly above the instrument).
When the vertical angle (v) is used, the horizontal distance (HD) is
calculated by multiplying the slope distance (SD) by the cosine of the
vertical angle. This is the solution of a right triangle for the side adjacent
(horizontal distance) with the hypotenuse (slope distance) known.
From basic trigonometry, we know that;
cosine = Adjacent Side /7 Hypotenuse
Substituting the known values, we have;
cos(v) =HD 7/ SD
Solving for HD by multiplying both sides of the equation by SD, we get;
HD = SDcos(V)
If the zenith angle (z) is measured rather than the vertical angle, the
calculations are nearly identical. The only variation is that the zenith
angle is the complimentary angle of the vertical angle, so the sine func-

tion must be used. The formula is;

HD = SDsin(z)

Geometronics =« February 2000
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